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SPECTRAL  MULTIPLIERS  FOR  SCHRODINGER 
OPERATORS:  I 

SHIJUN  ZHENG 


Abstract.  We  prove  a  sharp  Mihlin-Hormander  multiplier  theo¬ 
rem  for  Schrodinger  operators  H  on  R™.  The  method,  which  allows 
us  to  deal  with  general  potentials,  improves  Hebisch’s  method  re¬ 
lying  on  heat  kernel  estimates  for  positive  potentials  [22,  12].  Our 
result  applies  to,  in  particular,  the  negative  Poschl- Teller  potential 
V ( x )  =  —v(v  +  1)  sech2.'c,  i/£N,  for  which  H  has  a  resonance  at 
zero.  Moreover,  a  modified  heat  kernel  approach  is  used  to  ob¬ 
tain  the  multiplier  result  for  unbounded  electric  and  magnetic  po¬ 
tentials  arising  in  a  relativistic  quantum-mechanical  background. 
Thus  it  helps  the  understanding  of  quantum  scattering  for  wave 
and  Schrodinger  systems. 


1.  Introduction 

Spectral  multiplier  theorem  for  differential  operators  plays  a  sig¬ 
nificant  role  in  harmonic  analysis  and  PDEs.  It  is  closely  related 
to  the  study  of  the  associated  function  spaces  and  Littlewood-Paley 
theory.  Let  H  =  —A  +  V  be  a  Schrodinger  operator  on  Mn,  where 
V  is  real-valued.  Spectral  multipliers  for  H  have  been  considered  in 
[22,  16,  14,  15,  3]  and  [12]  for  positive  potentials.  The  case  of  neg¬ 
ative  potential  is  quite  different  and  is  not  covered  by  the  methods 
in  these  papers.  Resonance  and  eigenvalue  can  occur  that  makes  the 
analysis  more  involved.  In  this  paper  we  are  mainly  concerned  with 
proving  a  Mihlin-Hormander  type  multiplier  theorem  on  Lp  spaces  for 
the  Schrodinger  operator  with  the  negative  P-T  potential 

(1)  V(x)  =  —v{y  +  l)sech2x,;  v  e  N. 

In  [31,  47]  we  are  able  to  extend  the  sharp  spectral  multiplier  theorem 
on  Triebcl-Lizorkin  spaces  by  modifying  the  argument  in  this  note. 
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Spectral  multiplier  problem  requires  both  high  and  low  energy  anal¬ 
ysis.  In  high  energy  the  kernel  of  the  multiplier  operator  m(H )  can  be 
controlled  by  a  weighted  L2  estimates.  In  low  energy,  roughly,  it  can 
be  controlled  pointwise  by  an  approximation  to  the  identity.  This  is 
the  idea  when  dealing  with  positive  selfadjoint  operators  [22,  12]  where 
there  is  a  rough  kernel. 

However  for  negative  operator  in  the  Schrodinger  case,  resonance  and 
eigenvalue  can  occur  even  for  smooth  and  rapidly  decaying  potentials, 
which  lead  to  failure  of  the  pointwise  control  of  the  kernel  in  lower 
energy.  The  purpose  of  this  paper  is  to  develop  a  general  treatment 
to  overcome  this  difficulty.  We  find  that  this  pointwise  estimate  can 
be  substituted  with  a  weaker  estimate  (in  integral  form)  that  turns 
out  still  work.  This  is  the  approach  we  will  apply  to  the  Poschl- Teller 
potentilal  model.  The  P-T  potential  arises  in  standing  wave  problem 
for  the  cubic  wave  equation 

(2)  -utt  +  uxx  +  2u  -  u3  =  0  . 

In  [47]  we  give  a  general  treatment  on  spectral  multiplier  problem 
for  Schrodinger  operators  satisfying  for  every  j  G  Z 

2ni/2 

(3)  \$j(H)(x,y)\  <  cn- - -nr. - TT — — . 

v  J  1  3K  A  (l  +  2i/2\x -y\)n+e 

where  $j(x)  =  <f>  G  C“(M). 

The  assumption  is  verified  when  H  is  a  Schrodinger  operator  —  A+V, 
V  >  0  is  in  Llc(Rn)  [32,  22]  or  H  is  a  uniformly  elliptic  operator  on 
L2(Rn )  [9,  Theorem  3.4.10].  It  is  showed  in  [22,  46]  that  the  decay  (3)  is 
satisfied  whenever  the  heat  kernel  of  e~tH  satisfies  the  upper  Gaussian 
bound 

0  <  e~tH(x,y)  <  cnt~n/2e~clx~yl2/t . 

However,  when  V  is  negative,  eigenvalue  and  resonance  may  occur  at 
the  origin,  the  seemingly  ubiquitous  decay  (3)  for  general  selfadjoint 
operators  is  not  valid  for  all  j.  Our  approach  shows  that  if  (3)  replaced 
by  an  integral  version  (1),  the  argument  in  [22,  12]  can  still  work.  This 
treatment  will  be  further  elaborated  in  the  study  of  spectral  calculus 
for  rough  potentials  in  the  critical  class  in  a  following  paper. 

The  basic  ingredients  we  need  to  show  are  two  weighted  inequalities 
(a)  If  $  G  Cq0  (M)  there  exists  a  finite  measure  /i  such  that  for  each 
interval  /  with  length  2-J//2,  j  G  Z, 

2-W2 

{l  +  2H2\x-y-u\y+*d^U) 

*  p  {x  -  y) 


^(H)(x,y)\  <c  [ 

Jue  r 
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where  Pj(x)  :=  2^n^2{l  +  2^2\x\)  n  e. 

(b) 

SUP  I|(2'7(t  —  y))a(f)j(H)(x,y)\\L2  <  C sup  ||x0(2_^2)||X“ 
y  3 

where  Xa  is  (7“(R)  or  Wa,  a  >  n/2.  \  is  a  given  smooth  cut-off 
function  with  support  off  0. 

Observe  that  (a)  is  a  weaker  condition  than  the  pointwise  estimate 
for  the  decay  of  c i>j(H ).  Indeed,  the  ponitwise  decay  (3)  is  a  special 
case  when  fi  —  S. 

1.1.  Weighted  L 2  estimates  for  kernel  of  m(H).  There  are  a  few 
ways  to  prove  Lp  boundedness  for  m(H). 

The  usual  condition  is  the  Hormander  integral  condition 

/  \m(H){x,y)  —  m(H)(x,y)\dx  <  A 

J \x-y\>2\x-y\ 

for  y  e  /,  y  the  center  of  /,  /  being  any  cube  in  Mn.  This  is  what 
is  shown  in  [3].  For  P-T  potential  similar  estimate  is  not  valid  in  low 
energy.  This  is  the  reason  why  we  need  to  consider  the  weighted  L 2 
estimate  in  (b). 

The  other  way  is  to  use  wave  operator  method  [41,  42],  However 
wave  operator  method  does  not  give  the  sharper  weak  (1, 1)  result. 

2.  Main  results 

Let  H  be  a  selfadjoint  operator  on  L2(Wn).  Then  if  0  e  L°°,  we  can 
define  <j)(H)  =  f  0(A )dE\  by  functional  calculus,  where  H  —  f  XdE\  is 
the  spectral  resolution  of  H. 

Our  main  result  is  the  following 

Theorem  2.1.  Suppose  H  verifies  the  weighted  decay  (a)  and  weighted 
L 2  inequality  (b).  Then  m(H )  is  bounded  on  Lp(Wn),  1  <  p  <  oo  and 
of  weak  type  (1, 1).  Moreover, 

\\m(H)\\Li^w_Li  <  C(m ) 

C(m)  :=  IHloo  +  supA>0  ||x(-)m(A-)||x<*  . 

Remark.  One  may  view  condition  (a)  as  a  “pointwise”  control  of  the 
kernel  in  lower  energy  while  condition  (b)  as  a  norm  control  in  higher 
energy. 

The  conditions  of  Theorem  2.1  applies  to  the  case  when  the  kernel  of 
4>(H)  is  slowly  decaying  or  lack  of  smoothness.  It  can  also  simplifies  the 
proof  of  some  known  results  on  other  potential  of  polynomial  growth, 
e.g.  the  Hcrmite  operator  on  Mn  [47]. 
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Applying  the  theorem  to  P-T  potential  we  obtain 

Theorem  2.2.  Let  H  =  —d2/dx2  +  Vv,  v  e  N,  where  Vv  is  the  P-T 
potential  in  (1).  Then  H  satifies  the  weighted  decay  (a)  and  weighted 
L 2  inequality  (b)  with  Xa  =  Ca,  a  —  1.  Therefore  the  conclusion  of 
Theorem  2. 1  holds  for  the  one  dimensional  P-  T  model. 

From  section  5  we  know  the  derivative  of  the  kernel  fail  to  satisfy 
nice  decay,  making  it  difficult  to  control  the  difference  of  m(H)  and 
thus  leading  to  the  failing  of  low  energy  estimates  for  the  Hormander 
integral  condition. 

A  recently  developed  approach  [12]  by  Sikora  et  al  extended  Hebisch’s 
method  [22]  that  apply  to  positive  operators  efficiently  but  rely  heavily 
on  heat  kernel  estimates.  However,  in  dimensions  one  and  two  when 
the  potential  is  negative,  such  a  heat  kernel  estimate  is  NOT  available. 
Therefore  we  consider  more  direct  approach  and  would  rather  state  and 
prove  the  multiplier  result  in  Theorem  2.1  for  general  dimensions. 

We  will  assume  $,<£>  e  C“(M)  satisfy  the  condition 

OO 

(4)  J2  Tj(x)  =  1  x  ±  0 

j=- 00 

00 

(5)  $(x)  +  =  1,  Vx 

3= 1 

where  (pj(x)  =  (p( 2-J’x). 


3.  Proof  of  Theorem  2.1 


The  technical  lemmas  we  need  in  proving  Theorem  2.1  are: 

Lemma  3.1.  Let  y  G  I,  I  C  Mn  a  cube  with  length  t  =  £(I).  Let 
2_h/2  ^  t  Then  (a)  For  t  >  0,  j  e  Z, 


J \x—y\>2t 

s  >  n/2.  (b) 


I -  ^jl(H))(x,y)\dx  <  C(2?l2ty>  s||m(^2)|| 


Hs 


-  ^jl(H))(x,y)\dx  <  A  . 


In  particular, 


/  sup  \mj(H)(l  —  <F jI(H))(x,y)\dx  <  A. 

’  \x—y\>2t 
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Lemma  3.2.  Condition  (b)  implies 

r 

max  |  <£>j  (H)  ( x ,  y)  |  <c  min 


2-W2 


y£l 


y e-r  yueR»  (1  +  2j/2\x  -y-  u  |)n+e 


dp{u) 


~  min  pj  *  p  (x  —  y) 

y£l 

l  r 

<  —  /  pj  *  p(x  —  z)dz 
\I\  Jzel 

where  pj(x )  :=  2jn/2(l  +  2J/2|a;|)_n_e. 

The  proof  is  based  on  the  observation  if  £(/)  =  ry,  the  side  length  of 
a  cube  /  in  Mn, 


sup(l  +  \x  —  y\)  n  e  <  C  min(l  +  \x  —  y |) 


y&I 


y£l 


hence 


C 


sup(l+|x— y\/t)  n  e  <  C mm(l-\-\x—y\/t)  n  e  <  —  (l+\x—y\/t)  n  edy 

y£l  \I I  Ji 

where  f  ~  £(/),  /  is  any  cube,  see  [22], 


Proof  of  weak  (1,1).  If  applying  the  C-Z  decomposition  we  know 
the  main  part  is  how  to  handle  the  “bad”  function  b  =  ^2k  bk  where 
bk  C  Ik,  being  disjoint  intervals  in  M. 

Proof.  Let  <f>  C  [—1, 1],  =  &(2~jx).  Write 

m(H)b(x )  =  5>m(i  -  u.miMn  + 

k  k 

where  2~qk  ~  I{Ik)2  ■  We  need  to  show 

|{z  e  R  \  U kI*k  :  \m(H)b(x)\  >  \/2}\ 

<in  e  »\  K-  E  -  u.mwni  >  a/4} 

k 

+  |{t  £l\lj:  Y,\m(H)<S>Jk(H)bt(X) I  >  a/4} 

k 

<A-1||/||i, 

where  6  =  bk  (convergence  in  L1  n  Lq  so  Tb(x)  =  Tbk  in  Lq ) 

Higher  energy 

Denote  Jjt  the  cube  having  length  three  times  the  length  of  Ik  with 
the  same  center  as  Ik-  If  x  ^  U *,/£,  Ik  C  (y  :  |y  —  x|  >  rfc},  rfc  being 
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the  length  of  L-- 


m(H)(  1  -  *jk(H)bk(x)  =  /  m(H)(  1  -  *jk(H)(x,y)bk(y)dy 

J\y-x\>rk 


Apply  weighted  condition  Lemma  3.1  (c) 


|{®  i  U I*k  :  !  -  $jk(H)bk(x)\  >  a/4} I 


<C(a/4)-1  /  \J2m(H)(l-^k(H))bk(x)\dx 

jRn\Ul*  k 

<Ca~l  I  Y \bk(y)\dy  f  ^  $jk(H)(x,  y)\dx 

J  k  J\y-x\>rk 

<C'sup||xm(A^2)||Cfoca"1  J  \b(y)\dy 
<C'sup||xm(A^2)||Cfoca-1||/||i. 

A 


where  we  note 


'\x-y\>rk 


-  ijt(H))(x,y)\dx 


2  J\x-y\>rk 


\rrij(H)(x,y)\dx  <  C 


because  if  <3>(x)  +  YlJLi  0(2  3 x)  =  1  then  for  any  j0  G  Z,  <f>(2  30 x)  = 

i  -  et.*,+1  " 

Lower  energy 

Since  m(H )  is  bounded  on  L2.  The  proof  is  complete  if  we  can  show 


£%*(»)«*) r<fc<  Call/ll, 
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To  show  this  let  h  G  L2(Mn),  2  jk  ~  1(h)2-  According  to  (b) 


k 

=  /  Kjk(x,y)bk(y)dy 

i  J  x  J  vZLlk 


<y:i4|  1  /  /  /  Pj(x  ~  Z  -  u)dn(u)dz  /  |6fc(y)|dj/ 

J  x  J  z€lk  Ju  Jy 

^^WbkWilh]-1  f  f (Mh)(z  +  u)dndz 
k  J z£lk  Ju 

( bee  Pj  =  2jn/2(l  +  2j/2(-))-n~e  is  ~  an  approximation  to  the  id) 
<Ca  /£  Xik(z)(Mh)  *  d/i(z)dz 


<Ca\\^2xikh\\Mh  *  dP\\2 

k 

<Ca(^|4|)1/2||fc||2 

k 

<Ca(a-1||/||1)1/2||ft||2  =  C'a'/2||/||;/2||/»||2 


which  proves  (11). We  have  used  the  fact  that  if  pt  =  t~np(x/t)  is  any 
approximation  kernel  to  the  identity,  so  that  p  G  L1(Mn)  is  positive 
and  decreasing,  then 


sup  | Pt  *  f(x)  |  <  Mf(x ) 

t>  o 

where  M  denotes  the  Hardy-Littlewood  maximal  function  on  M".  □ 

Remark.  Note  that  in  analyzing  the  kernel  of  oscillatory  in¬ 

tegral,  if  j  <  0  we  can  prove  the  rapid  decay  from  the  spectrum  side; 
if  j  >  0  it  only  gives  a  decay  of  \x  —  y\~n]  we  will  have  to  work  in  the 
space  side  and  use  the  (average)  integral  version  of  rapid  decay. 
Remark.  From  the  proof  above  we  see  the  the  weighted  L 2  inequality 
in  (b)  somehow  plays  the  role  of  Hormander  condition  in  classical  case 
[37,  3] 

(7)  j  \K(x,y)  —  K(x,y)\dx  <  A 

J \x-y\>2\x-y\ 

which  requires  the  gradient  estimate  for  Kj(x,y). 
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Remark.  A  nontrivial  vector-valued  version  of  the  proof  of  the  Lp 
result  yields  the  multiplier  result  on  the  homogenous  spaces  F(H )  and 
B{H)  [31,  47], 

In  [30]  when  identifying  the  inhomogeneous  space  F®’2(H)  =  Lp  we 
used  decay  for  the  derivative  of  the  kernel  in  high  energy,  namely,  (b’) 
For  t  >  0,  j  >  0, 

f  | rrij(H)(x,y)  —  rrij(H)(x,y)\dx  <  C{2^2t)^ 

J \x—y\>2t 

oo 

I mj(H)(x,y)\dx  <  C. 

-y  l-2*  2  j>t2 

which  is  valid  only  for  high  energy  estimate  because  we  only  have  avail¬ 
able  for  j  >  0  the  weighted  estimate 

\\(x  -y)dyKj(x,y)\\2  <  2j/4  . 

To  deal  with  the  problem  in  low  energy  we  avoid  using  the  estimate 
for  dyKj(x,y)  and  follow  the  line  of  proof  of  Theorem  2.1  [31]  for  the 
homogeneous  spaces  F(H).  Thus  we  obtain  the  identification  of  F(H) 
and  Lp  spaces. 

Corollary  3.3.  Let  1  <  p  <  oo.  Then 

F°'2(H)  =  Fp°’2(Mn)  =  Lp(Rn), 
meaning  that  the  Littlewood-Paley  characterization  holds 

j&L 

4.  Proof  of  Corollary  3.3 

Identification  of  =  Lp.  homogeneous  spaces 

Let  Qj  =  (f)j(H),  j  G  Z.  Define 

Q  :  /  - 

and 

OO 

R  ■  {/j}  ->  E  ^sWSi 

j=- oo 

We  show  that  the  same  method  in  showing  spectral  multiplier  theorem 
for  F  spaces  yields 

Q  :  L1  ^w- L\f) 

and 

R:  L\i2)  ^w-L1 
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Hence,  this,  together  with  the  boundedness  Q :  L2  —>  L2(£2)  and  R  : 
L2{£2)  — >  L2,  proves  that  if  1  <  p  <  oo 

ll/ll  LP  ~  WmfWW)  =  II /II  Fp'2(H) 

Lemma  4.1.  Q:  L2(Mn)  ->  L2(£2).  4  :  L2(£2)  ->  L2(Mn). 

Proof. 


<  ll/ll? 

j&Z 

because  ^  .gZ  |<4(t)|2  ~  1.  The  proof  for  R  is  similar.  □ 

Lemma  4.2.  Q  is  L'  ->w-L'(P),  i.e., 

\{Y,\MH)f(x)\2)U2  >  a}\  <Ca-l\\f\U 

jez 

4.3.  Proof  of  Q:  weak  (L1,  L1(£2)).  Let  /  G  L1(Mn).  Given  a  >  0,  let 
/  =  g  +  &  be  the  Calderon- Zygmund  decomposition,  where  g  G  L2nL1, 
b  =  ^2kbk,  bk  C  4,  4  disjoint. 

i)  |<Kt)I  <  Ca 

ii)  1 4 1 ~ 1  /  \f\dx  <  Cna. 

Jh 

Note  that  (i),  (ii)  imply 


4 


-i 


\b\dx  <  Cna. 


Since  4>j(H )  is  bounded  L2  — >  L2(£2). 


I <t>j(H)g(x)\2dx  <  C\\g\\\ 


^Call/IK 


(i)  gives 

in  :  (£  \MH)g(x)\2)'/2  >  «/2}|  <  C||^||0oc-1||/||1. 

j£Z 
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We  estimate  b  in  more  detail.  Let  2  3k  ~  tk  =  diameter  of  the  cube 

h- 


!{*:(£  \HU)Kx)?)'n  >  «/2}| 

iez 

<u*  :  <E  i  £  >  «/4}i 

3  k 

+IW  (£l  £>3W*i*WWs)|2)1/2  >  a/4} | 

j  k 

:=Bi  +  £>2- 

For  the  first  term  since  |  U  /fc|  <  a^1||/||i,  it  suffices  to  estimate: 
Denote  the  cube  having  length  three  times  the  length  of  Ik  with 
the  same  center  as  Ik-  If  x  ^  U A  C  {y  :  |//  —  x|  >  r^},  being 
the  length  of  A. 


0iWO  -*i(H)W*)  = 


03  WO  -  *h(H)(x,y)bt(y)dy 


'\y-x\>rk 

Apply  Hebisch-Zheng  condition  (b) 

in ff u/; :  (J2  £>wo - ^w^ooi2)172 > «/4>i 


3  k 


^Cia/A)-1 
< Ca -1  [ 

<Ca^Y^  I  \h(y)\dy 


jE  I  E  M H X1  -  ®3k(H)h(x)\2)1/2d. 

k  j  k 


X 


E(E  —  ^jk(dl)bk{x)\2)1^2dx  ( Minkowski ) 

WA*  fc  '  j 


XE  /  Ms/)ld3/ 


E  (#)(£,?/) | oh  ( Jensen 

WA  je z 

^/fc  j>jk 


-1 


<C  sup  ||0j  (A^2)  ||  m  a 


It  remains  to  deal  with  LA  (Low  energy)  The  proof  is  finished  if  we 
can  show 


(8) 


£  <  Ccii/ih 
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Since  Q  =  {cpj(H)}j£z  is  bounded  L 2  — >  L2(£2),  we  only  need  to  prove 
(9)  I  Y,\iJHMxt\1dx<Ca\\f\\l. 

■'  k 

Similar  to  the  proof  of  Theorem  2.1  we  use  duality  argument.  Let 
h  G  L2(Rn),  \\h\\L2  <  1.  Then  by  condition  (b) 


<  ^2^jk(H)bk(x),h  > 

k 


<cJ2\Mi\Ik\  1  dz  dp(u)  /  pt{x  -  z  -  u)\h(x)\dx 
J  z£lk  Ju  Jx 

=cJ2\Ikn\hh  /  Xik(z)dz  /  dp(u)  /  pt{x  -  z  -  u)\h{x)\dx 

J  z  J  u  J  X 

< ca  f  ^^xik(z)dz  f  Mh(z  +  u)dp{u) 


<ca  f  ||  ^Xikh\\{Mh)  *  p\\2 

Jz  k 

<ca(a'1||/||?)1/2||/i||2  <  c(a||/||i)1/2 


which  proves  (9)  hence  (8).  This  completes  the  proof  of  Lemma  4.2.  □ 
Similarly  we  can  show 

Lemma  4.4.  R  is  L1(£2))  — >  w  —  L1 ,  i.e., 


IU  :  I  E  MWfAO I  >  «}l  <  Ca-'llE  lli|2)1/2||i 

jez  j 

Proof.  Let  {/,}  G  L\£2),  a  >  0.  Let  F(x)  =  (EJl-oo \fj(x)\2)1/2-  % 
the  C-Z  decomposition  for  F  G  L1  there  exists  a  collection  of  disjoint 
open  cubes  {R}  such  that 


i)  |F(x)|  <  a,  a.e.  x  G  Mn\  l_4  R 
ii)  A  <  IRR1  /  | F{x)\dx  <  2 na,  \/k. 


Dehne 


and  bj(x 


fAx) 


x  G  Ik 
otherwise. 


=  fj(x )  -  9j(x)-  Then  \gj{x)\  <  Ca. 
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Let  x  G  Ik-  Minkowski’s  inequality  gives 


OO  OO  p 

( E  M*)D1/J  =  (  E  (W1  / 

j=  —  OO  j=—oo 

/OO 

(E  l/»|2)I/2*<2"a. 

k  j— — OO 

Thus  fj^j  \dj\ 2  <  call-^lli  an(l  by  Lemma  4.1 

14  :  E  l«j*W|2)1/2  >  a/2}|  <  Ca-2||{^*}|||1(P) 

j 

<ca~2\\{9j}\\2L^)  <  «*~1||{/i} \W{jpy 

(use  the  system 

It  remains  to  estimate  for  {bj(x)}.  Let  W- 


I  (^1^(1  -<S>jk(H))bj}k(x)\2)1/2dx 

Rn\4*  jez 

=  /  El/  ^(^)(1-$jfc(-ff)(®>J/)6i,fc(s/)dj/|2)1/2^ 
jRn\4*  i~ifc  ^ 

<[  [  (52\ipj(H)(l-$jk(H)(x,y)bj>k(y)\2)1/2dydx  Minkowski 

Rn\/^  J  ifc  j 

<[  j  sup\'ipj(H)(x,y)(l-$jk(H)(x,y)\(y2\bjtk(y)\2)1/2dydx 

Jr™\i*  Jik  j  j 

<  [  E i6J,*(s/)i2)1/2ds/  [  Y1  i^(^)(i  - 

•7/*  i  ;>jfc 

/  E  Mi/)l2)1/2dt/  <  C"  [  E  l/i(y)l2)1/2dy. 

J  Ik  j  ^  Ik  j 


where  we  used 


h-j/|>h4) 


(a?,  2/)|da?  <  (2j/2£(/fc))  1 


(TV  =  n  +  1) 


by  condition  (1). 
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Hence, 


\{x  6  R"  \  U krk  :  (£  I Rj  Ed  -  |2)1/2  >  a/2}| 

j  k 

< 2a-1  (E  W  -  *»(*0)W*)l 2)1/2dx 

k  ^RnVk  j 

<CoTl  j \fj(y)\2)1/2dy, 


where  bj  =  J2kbj)k  (convergence  in  L 1  fl  L 2  so  Tjbj(x)  =  Y^k^jbj,k  in 
L2)  and  we  used 


(EE  km*)I)2)i/2  <  E<E  ta*mi2)1/2 

j  k  k  j 


by  Minkowski  inequality. 

To  estimate  \{x  U kI*k  :  (£h  \Rj  T,k  ®jk(H))bjAx)\2)1/2  >  «/2}l> 
enough 


(10)  E  /  fe(ff)E*»(ff)C»W|2*<Ca||F||i, 

J  jRn  k 


Since  R  =  {'i/jj(H)}jGz  is  uniformly  bounded  L 2  — >  L2  or  equivalently, 
L2(£2)  ->  L2(£2),  we  only  need  show 


(11)  E  /  lEU,(WA2*<Ca||F|ji. 

j  jRn  k 
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Let  h  =  {hj}  E  L2(£2).  || /i||z-2(£2)  <  1- 
EE  ®jk(H)hk(x),hj) 

j&  k 

<c  EE  ||6i,fc||i|4|  1  /  dz  dfj.{u )  /  pt(x  -  z  -  u)\hj(x)\dx 

j  k  Jzeik  Ju  Jx 

<C  EE  14 1  1||6j,fc||i  [ Xik(z){v*Mhj)(z)dz 

j  k  Jz 

<c(E  ii  E  i^r1n^iiiE4ii2)1/2iiM/l,i|i2(,2) 

3  k 

^oEEi74‘iMi?)1/2iMb<e) 

j  k 

<c[EWE(/  IG(*/)Ms/)2]1/2 

k  j  J]k 

<CE  i^r'(  /  (E  if>ii2)1/2<i</)2]1/2  <  cmihiiF2. 

k  Jlk  j 

□ 


where  we  have  used  the  Fefferman- Stein  inequality:  if  1  <  p  <  oo 

ii(Ew42)'/2ik<ii(Ei/42)1/2ii,' 

3  3 

Remark.  In  the  above  proof  of  two  lemmas  we  can  replace  {(pj}rjL_ ^ 
with  {$,  to  obtain  the  inhomogeneous  result.  The  homogeneous 

result  is  necessary  and  useful  for  obtaining  Strichartz  estimates  for  wave 
equation. 


5.  Poschl-Teller  potential 
For  H  =  —d2/dx2  +  Vv  solve  the  Helmholtz  equation 

(12)  He(x,  z)  =  z2e(x,  z). 

Linder  suitable  asymptotic  condition  the  solution  also  solves  the 
L  ipp man-  S  chwinger  equat  ion 

e(x,k)  =  e"“  +  T  j e*l— «lv(j,)e( y,k)dy. 


(13) 
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that  is 

e(x,  k)  =eikx  -  R0(k2  +  iO)Ve(-,  k)(x) 

OO 

=  ^T(-R0(k2  +  iO)V)neikx 

n= 0 

=  (/  +  R0(k2  +  *0)y)"1eifcx  . 

Alternatively  we  can  also  using  the  above  equations  to  write 
e(x,  k )  =eikx  -  Rv(k2)Veikx . 
where  the  free  resolvent  has  the  kernel 

R0(k2  +  iO)(x, y)  =  -^-eik\x~y\  k  eR\  {0}. 

ZZrC 

From  [30]  we  know  that  the  continuous  spectrum  is  ac  =  [0,  oo) , 
and  the  point  spectrum  is  ap  =  —  1,— 4,  •••  ,  —n2.  Bound  states  are 
Schwartz  functions  that  are  bounded  by  ce~\x L 

We  obtained  in  [30]  the  following  formula  for  the  continuum  eigen¬ 
functions. 


Proposition  5.1.  Let  k  e  M  \  {0}.  Then 


en(x,  k)  =  (sign (k))n  I  — 


Pn(x,k)etkx, 


Kfij  +  i\k\' 

where  Pn(x,  k )  =  pn(tanhx,ik)  is  defined  by  the  recursion  formula 

pn(tanh  x ,  ik )  =  —  (pn-i (tanh  x,  ik ))  +  (ik  —  n  tanh  x)pn-i (tanh  x,  ik ) . 
dx 

In  particular,  the  function 

Kx  (R\  {0})  3  ( x ,  k )  i — *  en(x,  k)  e  C 
is  analytic  with  en(x,  — k )  =  en(—x,  k ).  Moreover,  the  function 

1 


(x,  y,  k )  1  ^  en(x,  fc)en(y,  fc)  =  -  + 

is  rea/  analytic  on  M3. 


Pn{x-i  k)Pn(y,  —k)e 


_y\PiKx-y) 


5.2.  Resonance.  The  Wronskian  can  be  computed  by  using  Jost  func¬ 
tions 


W(z)  =  -2(-l  )nik\[ 


4=1 


t  +  ik 
l  —  ik 


The  remaining  of  this  section  is  devoted  to  proving  that  conditions 
(a)  and  (b)  in  Theorem  2.2  are  true  for  Hu  —  H0  +  Vu . 
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5.3.  Weighted  L2  for  m(H)(x,y).  Let  KAx,y)  denote  the  kernel  of 
{m<l>j){H)Eac.  Let  A  =  2~^2. 

Lemma  5.4. 

(14)  \\(x-y)Kj(;y)\\2<\'/2  Vj 

(15)  \\(x -y)d„K j>  0 

Proof.  Proof  of  (14). 

2vr i(x  -  y)Kj(-,y) 


=i(X-y)Jm^)e(*,k)e(y,k)dk 


which  can  be  written  as  finite  sums  of 


n 

(tanhx)^(tanh [(mj(/c2))/( +  k2))~lr2n{k)]  V(x  -  y) 

3= 1 


(tanh  x)£(tanh  y)k  [mj(/c2)(JJ(j2  +  k2))  1r2n-i(k)\ V (x  -  y) 

3=1 

and 

o  i.  n 

(tanh (tanh y)k  [rrijik2)  ^  +  fc2  (JJ(j2  +  k^^q^fk)]^  (x  -  y) 

3=1 

0  <  £,k,  l  <  n,  0  <  i  <  2 n,  r\ ,  g*  are  polynomials  of  degree  i. 
Plancherel  formula  for  Fourier  transform  gives 

ll(*  -  y)Kj(;y) ||2  =  0(A‘l2)  =  0(2-"4)  V). 

using 

Urrijik2))^  =  O(i)  i  =  0,l 
Un;=i(j2  +  fc2))-1r<(A:)  =  0(l/(A:)) 

l^  =  o(i/(fc)) 
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Proof  of  (15). 

2vr i(x  -  y)dyKj{-,y) 

=t(x-y)  J  mAkM^)-W)dk 

=  I  (—ik)mj(k2)  TT^  Pn(x,k)Pn(y,-k)dk(eik^)dk 
./|fchA-i  Vi=l  P+k  ) 

=  I  mj{k2)  ( TT^  Pn{x,  k)dy(Pn(y,  -k))dk(eik^)dk 
J I  A:|~A— 1  \  .1  +  / 


:=  h  +  h 


h^-L^dkHkm^  10?+* 


Pn(x,k)Pn(y,-k)]eik^dk, 


A  similar  argument  as  proving  (14)  yields 

IK*  -  v)K,(;y)h  =  0(A-'0  =  0(2"4)  Vj. 

using 

[  (mj(k2))®  =  0(A)  i  =  0, 1 
k  =  0{k ) 

(n;U(j2  +  ^2))-^(A;)  =  0(l/(A;)) 

lzqk  =  0(V<*» 


L,Jk[mAk2)  (n?^ 


=  — sech2y 


a- 


^K(fc2)  ( n  7 


Pn(x,  k)dy(Pn{y,-k))]eik^dk 

'  Pn(x,k)(dypn)(t&nhy1-k)]elk('x~y)dk. 


LA  f  +  k2 


where  we  find  if  k  ~  A  1 
1 


d^m^/e2)  JJ  - 


Ll  J2  +  I  P»(*’  k)(d,Pn)(t.nby, -k)]  =  <j  °(1)  j*j  7  “ 


Plancherel  formula  for  Fourier  transform  gives 

J 0( A3/2)  =  0(A_1/2)  =  0(2^4)  j  e  N0 

j  <  o 

□ 
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Lemma  5.5.  Let  j  E  Z. 

ll^(-,!/)l|2<A-1/2  =  2"4  Vy 
ll^(-,y)IU<2^2. 


Proof.  Kj(x,y )  =  {rruf>j){H)Eac(x,y). 

2tt =  J  mj(k2)e(x,k)e(y,k)dk 

=  /  ">#2)  (TT^Th  )  Pn(x,k)Pn(y,-k)(e‘^-y>)dk 

J |fc|~A-i  \j=lJ  +fc  / 

which  can  be  written  as  finite  sums  of 

n 

(tanh x ) ^ (tanh y)k\[rrij{k2)){ ( j 2  +  fc2))_1r2„(fc)]  V(x  -  y ) 

3= 1 


IK(^)(®,J/)||2  <  IK(^2)(nO-2^2))  lr2n(^)||L| 

1=1 

HI"L02)IIl|  ~  2j/4(  f  \(j)(k2)\2dk)1/2,  Vj 

(if  m  —  1,  (j)j  C  [— 2J,  2'7]),  using 

fm^/c2)  =  0(1) 


□ 


Lemma  5.6. 


(  T' (  mi  <  j  2i/4  +  sech2i/2  j/4  j  -*•  -oo 

(®-J/)^j(-,S/)||2  ^  <  2j/4 


(x  -  y)dyKj{-,  y)||oo<  2j/2  +  sech 2y 


J  -»■  oo 

0(1)  j  ->  -oo 
2_J’/2  j  — >  oo 


Remark.  This  means  for  j  — >  — oo,  ||(x— y)dyKj(-,  y)\\r  ~  sech2y2~i/(2r\ 
r  E  [2,  oo],  which  does  not  seem  to  help  establish  the  Hormander  inte¬ 
gral  condition  even  if  using  r-norm  instead  of  2-norm. 
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Proof.  For  2-norm,  it  is  proved  before.  For  r  =  oo, 
i2n(x-y)dyKj(-1y) 

i  \ 

pn( tanhx,  fc)pn(tanh  y,  —  k)]elk^x  v^dk 


dk[kmj{k2)  (  H  ——  2 
7=1  J 


+(-i)sech2y  j  ^  4K(fc2)  //2 


p„(tanhx,  /t)(<9ypn)(tanhi/,  — /c)]e*fe^  v^dk 

/ 

f0(l/fc)  A;^0 


~  /  0(l)d£;  +  sech2?/  /  ^  ~  )  7  "A  '  dk 

./ifchA-1  J |fc|~A_1  \0(1/A;2)  =  0(1)  k  ->  cx) 


(A  =  2~^2) 


{x  -  y)dvKj(-,  y)  IU  ~  2j/2  +  sech2i/ 1  Pf1!  {  °° 

2  J  — >  CX). 


□ 


5.7.  Weighted  pointwise  decay  of  the  kernel.  The  problem  for 
pointwise  decay  of  $>j(H)(x,y)  in  higher  energy  can  be  overcome  by 
using  an  integral  version  of  (3)  with  a  finite  measure  l. 

Lemma  5.8.  (Hebisch- Zheng)  Let  T  e  C^°  be  supported  in  [—1, 1]  and 
let  I  be  any  cube  in  Mn  with  length  £(/).  Then  for  all  x  G  Mn  and  y  e  / 
with  £(I)  =  2~H2  we  have 
a) 


\*j(H)(x,y)\  <c 


2J'n/2 


'ueRr 


(1  +  2i/2\x  -y-  u\)n+‘ 


- dp{u ) 


dp(u )  =  8(u)  +  ( u)me  c^du,  some  m  >  0. 
Hence  b) 


sup  \  &j(H)(x,  y)\  <  — 


2  W2 


y&I 


'  zGl  JueRn 


(1  +  2t/2|a;  —  z  —  u\)n+‘ 


-dp[u)dz  . 


^We  modify  Hebisch  method  when  the  kernel  is  rough  (and  slowly  decaying), 
not  having  Lipschitz  smoothness  as  needed  in  the  Hormander  method 
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Proof.  Let  T (x)  =  <f>(a;2),  A  =  2  J/2 .  According  to  the  formula  for  the 
kernel  in  preceding  subsection 

={*(\k)Yo-y)  +  inu) 

hl=6,...,n 

=A_1'Fv(A_1(a;  —  y)) 

+cA_1  /  TV(A -\x-y-u))\u\me~cluldu, 

Jr 


m  E  No  is  an  integral  constant.  Thus 


\^j(H)(x,y)\  =  |  /  ^{2-j'2k)e^x~y)k(l  +  a(k))dk\ 

=  (A_n\l/v(A_1-)  *  (1  +  a)v)  (x  —  y) 

<\~n  f  (1  +  A-1|a;  -y-  u\)~n~edy{u)  , 

JRn 

where  y  e  /,  dy(u)  =  6(u)  +  a(u)du ,  a(u)  =  \u\me~c^  .  □ 

Remark.  Observe  that  for  j  >  0,  Qj  actually  contains  both  high+low 
energy  information  (if  0  G  supp<f>).  This  is  the  most  technically  diffi¬ 
cult  part.  Fortunately  with  Lemma  5.8  we  can  control  it  by  maximal 
function. 

5.9.  Kernel  decay  for  a  positive  potential.  The  case  is  simpler 

when  V  is  nonnegative.  It  can  be  shown  [46,  9]  that  (3)  is  a  weaker 
assumption  than  the  heat  kernel  estimate 

0  <  e~tH(x ,  y)  <  cnrn/2e-cd{x'y)2/t  Vt  >  0  . 

Examples  include  H  being  a  uniform  elliptic  operator  or  its  perturba¬ 
tion  of  order  0.  i.e.,  a  Schrodinger  operator  with  V  —  V+  —  VI ,  VI  is 
small  in  Kato  norm,  cf.  [8]. 

In  [32]  it  is  shown  if  cr(H)  C  [0,  oo)  then 

e~tH(x,  y)  <  ct-n/2e~lx-yl2/4t(  1  +  5t  +  \x  -  y\2/t)n/2  Vt  >  0 

5  =  <$(y_)  and  S  =  0  if  VL  =  0. 

Proposition  5.10.  Let  H  denote  a  selfadjoint  operator  on  ( M,g )  with 
dimension  n.  Suppose  e~tH  verifies  the  upper  Gaussian  bound 

e~tH(x ,  y)  <  Cnt-n/2e~cd(x’y)2/t  Vt  >  0. 
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Then  for  each  t 

\<f>j{H){x,y)\  <  C^n/2(l  +  2^2d(x,y))-e  Vj  e  Z. 

5.11.  Unbounded  electric  and  magnetic  potentials.  From  the  re¬ 
cent  result  of  Zoltan  Szabo  and  Tie  2006  on  Zeeman  operators  and 
twisted  Laplacian,  which  were  constructed  to  represent  the  physical 
kinetic  energy  and  potential  energy  together  with  a  spin  phenomenon 
in  a  Coulomb  model. 

f  Perturbation  of  harmonic  osillator 

—A  +  \x\2  +  V(x),  ||  || oo  <  1  (n  —  1,  2,  3) 

f  Non-isotropic  magnetic  potential 
1  n 

~2^dxi  +  '<,jyj)1  +  (°!l'  ~  i('jXj)2 
3= 1 

dj  >  0 

A  detailed  study  of  the  heat  and  Schrodinger  kernel  can  be  found  in 
[Sz07],  [Tie06].  It  is  further  elaborated  in  [Z06]  on  the  use  of  a  modified 
heat  kernel  estimate  for  the  study  of  spectral  multipliers,  dispersive  and 
Strichartz  estimates  in  measuring  the  regularity  of  quantum  waves  in 
spacetime. 

Remark.  It  is  worth  mentioning  that  Koch-Tataru  [KT06]  introduced 
a  semiclassical  analysis  that  deal  with  general  Laplacians  for  Hermite 
operator  and  Laplacian  opeator  with  C°°  potential  on  compact  mani¬ 
folds.  It  provides  a  general  treatment  on  problems  involving  the  spec¬ 
tral  projection,  Strichartz  estimates  and  microlocal  analysis.  However 
it  remains  a  very  interesting  and  challenging  question  on  how  to  develop 
such  a  treatment  for  magnetic  potentials  and  noncompact  Riemannian 
manifolds. 
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